Abstract. Jagger, Stovícek and Thomason [3] defined the class of k-common graphs, and showed among other results that every graph containing K 4 as a subgraph is not 2-common. We prove that every graph containing K 3 as a subgraph is not 3-common.
Introduction
A particularly well studied problem in Ramsey theory is to find the minimum number of monochromatic labeled copies of a given graph G contained in a kcoloring of the edges of K n . Erdős [2] conjectured that when G is a complete graph, as n gets large the minimum number of monochromatic copies of G in a 2-coloring of the edges of K n is asymptotic to the expected number of monochromatic copies of G in a random 2-coloring of K n where the color of each edge is independent and both colors are equally likely. Burr and Rosta [1] extended this conjecture to an arbitrary graph G. Thomason [4] later disproved the Erdős conjecture by constructing a class of 2-colored graphs in which the minimum number of monochromatic copies of K 4 is asymptotically less than the expected number of copies. Along with Jagger and Stovícek [3] , Thomason also went on to disprove the Burr-Rosta conjecture for all graphs having K 4 as a subgraph. Thomason [5] followed with a more simple counterexample for K 4 .
Let G be a graph on t vertices, with e edges. Let H (k,n) be a k-coloring of the edges of K n . Define c(G, H (k,n) ) as the number of labeled copies of G in K n which are monochromatic in the coloring H (k,n) , that is to say the number of injective functions from V (G) to V (K n ) such that for some color c the images of all the edges of G get color c in the coloring H. Then c(G, (k, n)) is defined as the minimum of
over all such colorings H (k,n) . The following fact is stated without proof in [3] . Fact 1. For a fixed k, c(G, (k, n)) increases with n, is eventually nonzero, and is bounded above by 1.
In a random k-coloring of K n the expected value of c(G,
The following result appears as Theorem 13 in [3] .
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Fact 2.
If a graph is k-uncommon, then it is (k + 1)-uncommon.
Therefore, Theorem 13 of [3] implies that if K 4 is a subgraph of G, then G is k-uncommon for all k ≥ 2. The main result of this chapter extends those of Jagger, Stovícek, and Thomason, for k ≥ 3. It states that if K 3 is a subgraph of G, then G is k-uncommon, for all k ≥ 3. Given the previous fact, we need only to show that if K 3 is a subgraph of G, then G is 3-uncommon. In order to prove this, we will generalize some of the definitions in [3] to k-colorings rather than 2-colorings and then give a parallel argument.
In section 2 we give a formula for an upper bound on the number of monochromatic copies of a graph G in a k-coloring H of the edges of K n . In section 3 we define a notion of tensor product for k-colorings, and give a criterion for a graph to be k-uncommon. Section 4 gives the proof of our main result, that any graph containing K 3 as a subgraph is 3-uncommon.
An Uncommon Equation
Let H be a k-coloring of the edges of K n , where the color of an edge uv is denoted by H(uv). The k colors will be 0, 1, 2,...,k − 1. Let G be a graph with vertex set V (G) and edge set E(G), such that |V (G)| = t and |E(G)| = e.
Define A H as a function on V (H) 2 by the formula
and f is injective }. Each f ∈ I(G, H) represents a monochromatic labeled copy of G in the coloring H.
We want to bound |I(G, H)|, which we will do by finding an exact formula for |F * (G, H)|. It is interesting to note that (as pointed out in [3] ) the values of
, which is a polynomial in n with degree t − 1. As we pointed out in the Introduction, the minimum value of I(G, H) grows like n t ; so for large n, almost all of the elements of F * are injective. Now, let 0 ≤ i ≤ k − 1, then define the function
e if f is a monochromatic labeled copy of G in color i and 0 otherwise. So we are interested in Q(f ) =
Therefore,
where
h(uv) ≡ 0 mod k}. In the calculations of [3] we have k = 2, in particular the set B here corresponds to the set ESSU B(G) of spanning subgraphs of G with an even number of edges appearing in those calculations. Now let
, and
These calculations give the following formula for |F * (G, H)|.
is a measure of the extent to which H beats a random k-coloring of K n . As we see in the next section, G is k-uncommon if and only if there is an H such that Ψ(G, H) < 1.
It is possible for ρ(h, H) to be a complex number; however, for each h, there exists an h such that ρ(h, H) and ρ(h, H) are complex conjugates. The mapping h should be defined as
It is easy to show that ρ(h, H) and ρ(h, H) are complex conjugates because the product of conjugates is equal to the conjugate of products. Over the set B, the function h → h creates a bijection. Therefore, Ψ(G, H) will be a real number; in fact, Ψ(G, H) will be rational by the Q (G) calculation.
Tensor Products
In this section, we will define the "tensor product" of a k-coloring of the edges of K n and a k-coloring of the edges of K m as a k-coloring of the edges of K mn . We will then show the properties the ρ and Ψ functions have with respect to these tensor products.
Let H 1 be a k-coloring of the edges of K n = (V 1 , E 1 ) and H 2 be a k-coloring of the edges of K m = (V 2 , E 2 ), then H 1 ⊗ H 2 is defined as the k-coloring of the edges of K mn on V 1 × V 2 given by
Lemma 2. Let G be a graph and h be a mapping from E(G) to {0, 1, . . . , k − 1}. Let K m be the coloring of the edges of K m such that all of the edges have color 0. Let H 1 be a k-coloring of K n and H 2 be a k-coloring of K m . Then
The proof for Lemma 2 is composed of routine calculations that follow the same ideas in [3] .
Lemma 3. Let G be a graph with e edges. If H is a k-coloring of K n , then c(G, k) ≤ k 1−e Ψ(G, H).
Proof. Recall that by Lemma 1, for all G with t vertices and e edges and H that is a k-coloring of the edges of K n , |F
As m approaches ∞,
goes to 1. So by taking the limit of
as m goes to ∞, the result is c(G, k) ≤ k 1−e Ψ(G, H).
Lemma 4. Graph G is k-uncommon if and only if there is an H such that Ψ(G, H) < 1, where H is a k-coloring of K n , for some n.
Proof. If there is a k-coloring of K n , H, such that Ψ(G, H) < 1, then by Lemma 3, c(G, k) < k 1−e . Therefore G is k-uncommon. If G is k-uncommon, then c(G, k) < k 1−e . Let n be large enough such that c(G, (k, n)) < k 1−e − , where 0 < . There exists an H such that
Then |F * (G, H)| < t! n t (k 1−e − ). By Lemma 1,
It is now obvious that we can show a graph G is k-uncommon by constructing a k-coloring of K n , H, such that Ψ(G, H) < 1.
is the set of all k-balanced mappings on G.
We will call the element of B k (G) that maps all of the edges of
Graphs containing K 3
As stated before it is known that for k ≥ 2, any graph G that contains K 4 as a subgraph is k-uncommon. In this section we will strengthen this statement for k ≥ 3. Our approach is similar to that of [3] , using quadratic forms over finite fields. We use GF (3) where [3] uses GF (2); this field has the advantage that every quadratic form is diagonalizable, but things get a little more complicated at the end of the argument because a diagonal matrix can have both +1 and −1 on the diagonal.
Let s be a positive integer and n = 4s + 2. We will construct a coloring for K 3 n , by defining a quadratic function q :
n and edge coloring such that for all x, y ∈ V (J) the color of edge xy is q(x − y) mod 3. Since q is quadratic, for a constant λ, q(λx) = λ 2 q(x). This implies that q(x − y) = q(y − x). Let G be a graph with vertices 1,2,...,t and h be a 3-coloring of the edges of G. Define M (h) over GF (3) as the t × t matrix with entries
M(h) has the properties of being symmetric and having each row and column sum to 0 mod 3.
Proof. The value of ρ(h, J s ) is the average over all f : (2,a) , . . . , x (n,a) ) for all a. Now we can think of Q(f ) as a function of the nt variables, x (i,a) , where 1 ≤ i ≤ n and a ∈ V (G). Let matrix A be the n × n matrix with entries
A is defined in this way so that q(x) = i,j
A ij x i x j . Therefore,
The matrix M ⊗ A is the nt × nt matrix that is constructed by assigning M ab A as the ab entry of a t × t matrix. The ijth component of the abth matrix is M ab A ij . Let P = M ⊗ A and
There exists an invertible t × t matrix C such that C M C = D, where D is diagonal. By a standard linear algebra argument rank(D) = rank(M ). Since D is diagonal r is equal to the number of nonzero entries in D. Let r + be the number of 1s in D. Therefore, r − r + is the number of -1s.
Let C = C ⊗I, where I is the n×n identity matrix. So,
The coefficient D aa A ii is 1 if 1 ≤ i ≤ 2s+2 and 1 ≤ a ≤ r + or 2s+3 ≤ i ≤ n and r + + 1 ≤ a ≤ r. D aa A ii is -1 if 1 ≤ i ≤ 2s + 2 and r + + 1 ≤ a ≤ r or 2s + 3 ≤ i ≤ n and 1 ≤ a ≤ r + . Let α = 2(rs + r − r + ) and β = 2(rs + r + ). Then there are α squares with coefficient of 1 in − a,i
2 and the remaining β squares Since 1 + 2ζ 3 = ı √ 3 and 1 + 2ζ
. The term (−1) β = 1 because β is even. Because α + β = 2r(2s + 1),
Let G be a graph with t vertices. Recall that r(h) is the rank of M (h). Define R i as the number of h ∈ B 3 such that r(h) = i, for 0 ≤ i ≤ t − 1. Since the sum of the entries of each row of M (h) sum to 0, r < t.
Lemma 6. Let G be a graph, such that K 3 ⊆ G. Then R 0 = 1, and R 1 > 0.
Proof. We defined h as the edge coloring of all 0s. So M (h ) is the t × t 0 matrix, which implies r(h ) = 0. Since this is the only matrix with rank 0, R 0 = 1.
Let v 1 , v 2 , and v 3 be the vertices of the K 3 contained in G. Let h ∈ B be the coloring in which the edges v 1 v 2 , v 1 v 3 , and v 2 v 3 are assigned color 1 and the remaining edges are assigned color 0. M (h) is the t × t matrix,
where 1 3×3 is a 3×3 matrix of all 1s and 0 n×m is a n × m matrix of all 0s. Therefore, r(h) = 1, which implies R 1 > 0.
It is not hard to see that G has a coloring with a matrix of rank 1 if and only if G contains a triangle. Theorem 1. Let G be a graph on t vertices, such that K 3 ⊆ G. Then G is 3-uncommon.
Proof. In order to prove this, we will use the graph J s that we previously constructed. Let G be a graph with t vertices containing a K 3 . and cause it to be negative. Therefore there exists an s such that Ψ(G, J s ) < 1, which implies that G is 3-uncommon. Corollary 1. Let G be a graph, such that K 3 ⊆ G. If k ≥ 3, then G is kuncommon.
Ψ(G,
J
Conclusion
We have shown that there is a sequence of graph colorings J s which witnesses that every G containing K 3 is 3-uncommon. Note that the coloring J s that we constructed is T
, where T i is a monochromatic K 3 in color i. This leads to two open questions. Firstly, since we have a simple description of J s , is there a way to eliminate the quadratic form and linear algebra calculation? Secondly, can the methods of this chapter be extended to show that if G is a graph that contains any odd cycle (that is G is nonbipartite) then G is 3-uncommon?
